Ordinary algebra of formal power series in one variable is convenient to study by means of the algebra of Riordan matrices and the Riordan group. In this paper we consider algebra of formal power series without constant term, isomorphic to the algebra of formal Dirichlet series. To study it, we introduce matrices, similar to the Riordan matrices. As a result, some analogies between two algebras becomes visible. For example, the Bell polynomials (polynomials of partitions of number n into m parts) play a certain role in the ordinary algebra. Similar polynomials (polynomials of decompositions of number n into m factors) play a similar role in the considered algebra. Analog of the Lagrange series for the considered algebra is also exists. In connection with this analogy, we introduce matrix group, similar to the Riordan group and called the Riordan-Dirichlet group. As an example, we consider analog of the Abel's identities for this group.
Introduction
Transformations, corresponding to multiplication and composition of series, play the main role in the space of formal power series over the field of real or complex numbers. Multiplication is geven by the matrix (a (x) , x) nth column of which, n = 0, 1, 2, ... , has the generating function b (x) x n ; composition is given by the matrix (1, a (x)) nth column of which has the generating function a n (x), a 0 = 0:
, (1, a (x)) g (x) = g (a (x)) .
is called Riordan array [1] - [4] ; nth column of Riordan array has the generating function b (x) a n (x). Thus,
(b (x) , a (x)) (f (x) , g (x)) = (b (x) f (a (x)) , g (a (x))) .
Matrices (b (x) , a (x)), b 0 = 0, a 1 = 0, form a group called the Riordan group. nth coefficient of the series a (x), nth row and nth column of the matrix A will be denoted respectively by
. We associate rows and columns of matrices with the generating functions of their elements.
Matrices
where |e x | is the diagonal matrix whose diagonal elements are equal to the coefficients of the series e x : |e x | a (x) = ∞ n=0 a n x n /n! , are called exponential Riordan arrays. Denote s n (ϕ) n! x n = b (x) exp (ϕa (x)) .
Sequence of polynomials s n (x) is called Sheffer sequence, and in the case b (x) = 1, binomial sequence [4] . If s n (x) corresponds to the nth row of the matrix (1, log a (x)) e x , then
form the algebra, isomorphic to the algebra of formal power series. Theme of this paper appeared as a result of the following observation. If in the algebra of matrices (a (x) , x) = ∞ n=1 a n (x n , x), isomorphic to the algebra of formal power series without constant term, the matrix of multiplication (x n , x) is replaced by the matrix of composition (1, x n ), the result will be algebra, isomorphic to the algebra of formal Dirichlet series.
In the following sections of this paper we will consider the basic elementary aspects of the algebra thus obtained. Emphasis is on its relationship with ordinary algebra of formal power series. Research tools are the matrices, similar to the Riordan matrices. Group, similar to the Riordan group, is introduced in the last section, in which we consider series, similar to the Lagrange series 2 Denote (1, x n ) = x n , x , where we take into consideration the analogy with Riordan matrices, which will be developed in the future. Then 
Sum of the coefficients of formal power series, obviously, in need of definition. Perhaps, each numerical series ∞ n=1 a n has the value equal to a certain number or ±∞, which in the case of convergent series coincides with the its sum. For divergent numerical series, selection of the value corresponding to the sum of series, is ambiguous and depends on the accepted conditions [5] . We go around this problem and will consider the expression a Σ as "formal numerical series". Actions with the formal numerical series we define by the action with the corresponding power series:
Numerical series, corresponding to the series a (x n ), are considered to be identical; if a (x) = ϕx n , then a Σ = ϕ. Algebras of the matrices (a (x) , x), a (x) , x and the corresponding algebras of formal power series we will be called the (a (x) , x)-algebra and the a (x) , x -algebra. Denote
where summation is over all divisors d of number n. Inverse to the series a (x) we call the series a (−1) (x), which is defined by the identity
This is consistent with the fact that x, x is the identity matrix:
Note parallels between two algebras. Since
then the matrix (a (x) , x) is the power series:
Thus, matrices of the form
being power series, form the algebra, isomorphic to the (a (x) , x)-algebra: if
For example, for integers k,
In the (a (x) , x)-algebra the identity
c n β n x n holds for any values β. In the a (x) , x -algebra the similar identity holds:
We introduce matrices x|a (x) , which will play the role of connecting link between the (a (x) , x), a (x) , x -algebras:
For example,
Product of matrices of the form b (x) |a (x) is not a matrix of the same form, but since
Thus, any matrix of the form b (x) |a (x) can be represented as the product of matrix of the same form and Riordan array.
Here we get the definitions of the power and of the logarithm for the a (x) , x -algebra. Denote
Denote
We note the following analogy between the matrices (1, a (x)) and x|a (x) . Denote
where expression n k=1 a m k k corresponding to the partition n = n k=1 km k , n k=1 m k = m and summation is done over all partitions of number n into m parts. Since 
n,m (a 2 , a 3 , ..., a n ) x m : 
.., a n ) m .
5
Relationship between the (a (x) , x), a (x) , x -algebras is most visibly manifested in the following theorem. Theorem 1. Each formal power series a (x), a 0 = 1,
corresponds to the seriesã (x),
where n = p
is the canonical decomposition of number n. Proof. We will denote a prime number of the letter p. Consider series
where product, denoted similar to the ordinary product, is taken over all prime numbers. In view of the isomorphism between the algebra of matrices a (x) , x = ∞ n=0 a n x p , x n and the algebra of matrices (a (x) , x), the seriesã p (x) corresponds to the series a p (x), such that
Hence,ã
We are interested in the case when all the seriesã p (x) corresponds to the same series a (x). In this case the seriesã (x) form a group, isomorphic to a group of the series a (x):
A-priory,
On the other hand,
and summation is done over all decompositions of number n into m factors. We note also the identity
and summation is done over all partitions of number n into m parts. Analog of the exponential series for the a (x) , x -algebra is the series
Series log •ε (x) is closely connected with the sequence of prime numbers:
In general case
where summation is done over all n = p It follows from the Lagrange series expansion for arbitrary formal power series b (x) and a (x), a 0 = 1:
that each formal power series a (x), a 0 = 1, is associated by means of the transform
with the set of series (β) a (x), (0) a (x) = a (x), such that
Apparently, the series (β) a (x) for integer β, denoted by S β (x), were first considered in [6] . In [7] 
We introduce analog of the differential operator for the a (x) , x -algebra:
where D is the matrix of differential operator, then
Theorem 2. Each formal power series a (x), a 0 = 0, a 1 = 1, is associated by means of the transform
with the set of series
For proof we introduce the matrices x, a (x) : 
If we accept the rules
then following theorem is true. Theorem 3. Matrices b (x) , a (x) , b 1 = 0, a 1 = 0, form a group whose elements are multiplied by the rule
Proof. Since
Thus,
As we shall see, with respect to the some structure that in the ordinary algebra of formal power series corresponds to the Lagrange series, a complete analogy exists between the group of matrices b (x) , a (x) , b 1 = 0, a 1 = 0, and the Riordan group. So we call this group the Riordan-Dirichlet group.
Note the identity for the matrices b (x) |a (x) , complementary to identity (1):
) . Now we prove the theorem 2. Let the matrices x, a (−1) (x) , x, b (x) are mutually inverse. Then x, a (−1) (x) b (x) = a (x) , x, b (x) a (x) = b (x) .
LetD1
= 0 (perhaps we should acceptD1 = ln 0, but this is not fundamentally now). SinceD Construct the matrices A, C: 
